THE VOTER MODEL IN A RANDOM ENVIRONMENT IN Zd
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The voter model is an interacting particle system, describing the collective behavior of voters who constantly update their political positions. In this talk, voters are
represented by vertices of the Euclidean lattice Zd . The voter at x may hold either of
two political positions, denoted by 0 or 1. Let η(x) be the political position of voter
d
x and the collection η = {η(x); x ∈ Zd } be an element of {0, 1}Z . The voter at x
updates his political position at a random time, following the exponential distribution
∑
with parameter z µxz , where the summation is over 2d nearest neighbors. At the time
∑
of update the voter takes the position of his neighbor y with probability µxy /( z µxz ).
When µe ≡ 1, this is a model well studied in Chapter V of [9].
The voter model can be constructed by the graphical representation, see §3.6 of [9].
This approach not only works for all positive µxy , but also clearly exhibits the duality
relation which will be used in our proof.
We are interested in the case when (µe , e ∈ Ed ) are i.i.d. random variables satisfying
µe ≥ 1, deﬁned on a probability space (Ω, F, P). There have been very few literatures
about the voter model in random environments. As far as we know, only the one
dimensional voter model in a random environment has been explored in [7]. As usual,
one would like to identify all invariant measures. When all voters take the same position,
there will be no change thereafter. Therefore the conﬁgurations that η(x) ≡ 0 or 1 are
traps of the voter model and the measures δ0 and δ1 of point mass are invariant. With
an extra eﬀort, we are able to identify all invariant measures.
Theorem 0.1. Let d = 1 or 2. Suppose that (µe ) are i.i.d. and µe ≥ 1 P-a.s. There
exists Ω0 ⊆ Ω with P(Ω0 ) = 1. For any ω ∈ Ω0 , the voter model has only two extremal
invariant measures: δ0 and δ1 .
This extends Corollary 1.13 of Chapter V of [9]. In light of Example 1.5 of Chapter
V of [9], the conclusion of the theorem generally does not hold when d ≥ 3.
The proof of the theorem involves the duality and the dual of the voter model is
a coalescing Markov chain taking values on the set of all ﬁnite set of vertices of Zd .
When the initial state is a singleton, the coalescing Markov chain always takes value
on singletons. If we identify singleton {x} with vertex x, then the coalescing Markov
chain is exactly a continuous-time random walk in a random environment. Intuitively,
a walker stays at x for an exponential time with parameter µx , jumps to a nearest
∑
neighbor, say y, with probability µxy /( z µxz ). This is also called the variable speed
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random walk or the random conductance model. There is a large amount of literatures
on random walks in random environments, e.g., [1], [5] and [6].
Let {Xt } and {Yt } be two independent variable speed random walks. The problem we
are interested is reduced to the property that Xt = Yt inﬁnitely often. More speciﬁcally,
we say Xt = Yt inﬁnitely often if there exists an inﬁnite sequence of random times
{t1 , t2 , ...} with t1 < t2 < ... and limi→∞ ti = ∞, such that X(ti ) = Y (ti ) for all i ≥ 1.
Theorem 0.2. Let d = 2. Suppose that (µe , e ∈ Ed ) are i.i.d. and µe ≥ 1 P-a.s. There
exists Ω0 ⊆ Ω with P(Ω0 ) = 1. Let ω ∈ Ω0 and Pω denote the probability conditional on
the environment. If {Xt } and {Yt } are two independent variable speed random walks
starting from x and y respectively, then Pω (Xt = Yt infinitely often) = 1.
The proof follows a similar idea which is used in [3] and the key to the proof is
the heat kernel estimates obtained by Barlow and Deuschel [1]. For more references
related to collisions of two random walks, we refer readers to [2] [4] and [8]. Again the
conclusion of the theorem holds trivially in dimension one, and fails in general when
the dimension is 3 or greater.
This talk is based on my joint paper with Zhichao Shan.
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