
Scaling limits of trap models

10th Stochastic Analysis on Large Scale Interacting Systems

Kochi University, December 5–7, 2011
60th birthday of Tadahisa Funaki

M. Jara, C. Landim, A. Teixeira



The model

{GN : N ≥ 1} GN = (VN , EN ) finite graphs

GN = T
d
N KN HN Random d-regular graphs

{Wk : k ≥ 1}
∑

k Wk < ∞
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xN
1 , xN

2 , . . . , xN
|VN | random permutation of VN

W N
xN

j

= Wj

XN
t Random walk on GN with mean Wx exp. times
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The model

{GN : N ≥ 1} GN = (VN , EN ) finite graphs

GN = T
d
N KN HN Random d-regular graphs

{Wk : k ≥ 1}
∑

k Wk < ∞

xN
1 , xN

2 , . . . , xN
|VN | random permutation of VN

W N
xN

j

= Wj

XN
t Random walk on GN with mean Wx exp. times

(LNf)(x) =
1

deg(x)

1

W N
x

∑

y∼x

[f(y) − f(x)]

deg(x) degree of x y ∼ x (x, y) ∈ EN

Stationary state νN (x) ∼ deg(x)W N (x)
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W N
x depth of trap at x Landscape of valleys

Fontes, Isopi, Newman (01)

Z Wx Stable (α) 0 < α < 1

Aging εX(tε1+(1/α)) → Zt Zt singular diffusion
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W N
x depth of trap at x Landscape of valleys

Fontes, Isopi, Newman (01)

Z Wx Stable (α) 0 < α < 1

Aging εX(tε1+(1/α)) → Zt Zt singular diffusion

Ben Arous and Černý (06,07)

Z
d d ≥ 2 Wx Stable (α) 0 < α < 1

Aging εX(tε2/α) → Yt Yt fractional-kinetic

Convergence of clock process
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W N
x depth of trap at x Landscape of valleys

Fontes, Isopi, Newman (01)

Z Wx Stable (α) 0 < α < 1

Aging εX(tε1+(1/α)) → Zt Zt singular diffusion

Ben Arous and Černý (06,07)

Z
d d ≥ 2 Wx Stable (α) 0 < α < 1

Aging εX(tε2/α) → Yt Yt fractional-kinetic

Convergence of clock process

Fontes and Mathieu (08), Fontes and Lima (10)

XN
tθN

θN ergodic time scale
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{Xn : n ≥ 1} embedded discrete time chain

Xn random walk on GN

Stationary state πN πN (x) ∼ deg(x)

tmix � hitting times
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{Xn : n ≥ 1} embedded discrete time chain

Xn random walk on GN

Stationary state πN πN (x) ∼ deg(x)

tmix � hitting times

‖µ − ν‖TV =
1

2

∑

x∈V

|µ(x) − ν(x)|

tmix = min
{

n : max
x∈V

‖Pn(x, · ) − π( · )‖TV ≤
1

4

}

HB = inf{n ≥ 0 : Xn ∈ B}

H
+
B = inf{n ≥ 1 : Xn ∈ B}

T
d
N tmix = O(N2) Hx = O(Nd) d ≥ 3
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MN ↑ ∞ AN = {xN
1 , . . . , xN

Mn
}
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MN ↑ ∞ AN = {x1, . . . , xMN
}

`N ↑ ∞ B(xj , `N )
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MN ↑ ∞ AN = {x1, . . . , xMN
}

`N ↑ ∞ B(xj , `N )

B(xj , `N ) do not overlap

z 6∈
⋃

j

B(xj , `N ) Xn mix before hitting An
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v`N
(x) = Px

[

H(B(x, `n)c) < H
+
x

]

escape probability

N(x) = #{Xn visits x before escaping } N(x) ≥ 1

N(x) ∼ geometric Px[N(x) = 1] = v`N
(x)

∫ H(B(x,`n)c)

0

1{Xs = x} ds mean Wx/v`N
(x) exponential
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v`N
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H(B(x, `n)c) < H
+
x

]

escape probability

N(x) = #{Xn visits x before escaping } N(x) ≥ 1

N(x) ∼ geometric Px[N(x) = 1] = v`N
(x)

∫ H(B(x,`n)c)

0

1{Xs = x} ds mean Wx/v`N
(x) exponential

qN (xj) = Pπ

[

H(AN ) = Hxj

]

Pz

[

H(AN ) = Hxj

]

∼ qN (xj) z 6∈
⋃

i

B(xi, `N)
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+
x

]
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N(x) = #{Xn visits x before escaping } N(x) ≥ 1

N(x) ∼ geometric Px[N(x) = 1] = v`N
(x)

∫ H(B(x,`n)c)

0

1{Xs = x} ds mean Wx/v`N
(x) exponential

qN (xj) = Pπ

[

H(AN ) = Hxj

]

Pz

[

H(AN ) = Hxj

]

∼ qN (xj) z 6∈
⋃

i

B(xi, `N)

ΨN : VN → N ΨN (xN
j ) = j

ΨN (XN
t ) Markov process on {1, . . . , |VN |}
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v`N
(x) = Px

[

H(B(x, `n)c) < H
+
x

]

escape probability

N(x) = #{Xn visits x before escaping } N(x) ≥ 1

N(x) ∼ geometric Px[N(x) = 1] = v`N
(x)

∫ H(B(x,`n)c)

0

1{Xs = x} ds mean Wx/v`N
(x) exponential

qN (xj) = Pπ

[

H(AN ) = Hxj

]

Pz

[

H(AN ) = Hxj

]

∼ qN (xj) z 6∈
⋃

i

B(xi, `N)

ΨN : VN → N ΨN (xN
j ) = j

ΨN (XN
t ) Markov process on {1, . . . , |VN |}

KN
t trace of ΨN (XN

t ) on {1, . . . , MN}
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KN
t trace of ΨN (XN

t ) on {1, . . . , MN}

Mean Wk/v`N
(xk) exponential times

pN (i, j) ∼ Pπ

[

H(AN ) = Hxj

]

=: qN (xj)
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KN
t trace of ΨN (XN

t ) on {1, . . . , MN}

Mean Wk/v`N
(xk) exponential times

pN (i, j) ∼ Pπ

[

H(AN ) = Hxj

]

=: qN (xj)

KN
tβN

converges
∫ T

0

1{XsβN
6∈ AN} ds −→ 0
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KN
t trace of ΨN (XN

t ) on {1, . . . , MN}

Mean Wk/v`N
(xk) exponential times

pN (i, j) ∼ Pπ

[

H(AN ) = Hxj

]

=: qN (xj)

KN
tβN

converges
∫ T

0

1{XsβN
6∈ AN} ds −→ 0

ΨN (XN
tβN

) converges in some topology
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K processes

Markov process on N ∪ {∞}

{uk : k ≥ 1} entrance measure

{Zk : k ≥ 1} mean exponential times
∑

k≥1

uk Zk < ∞
∑

k≥1

uk = ∞

Fontes-Mathieu 2008 uk = 1
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K processes

Markov process on N ∪ {∞}

{uk : k ≥ 1} entrance measure

{Zk : k ≥ 1} mean exponential times
∑

k≥1

uk Zk < ∞
∑

k≥1

uk = ∞

Fontes-Mathieu 2008 uk = 1

Mean Zk exponential time

Jumps to ∞ Immediately returns to N

Trace of Xt on {1, . . . , M} pM (i, j) =
ui

∑

1≤j≤M uj

∑

k≥1

uk Zk < ∞
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Lemma 1

K-process
∑

k≥1

uk Zk < ∞
∑

k≥1

uk = ∞
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Lemma 1

K-process
∑

k≥1

uk Zk < ∞
∑

k≥1

uk = ∞

KN
t Markov process on {1, . . . , MN}

Mean ZN
k exponential times pN

k

(ZN
k , BNpN

k ) → (Zk, uk)

Z∗
k = supN ZN

k p∗k = supN BNpN
k

∑

k≥1

p∗k Z∗
k < ∞

Then, KN
t → Kt
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Lemma 1

K-process
∑

k≥1

uk Zk < ∞
∑

k≥1

uk = ∞

KN
t Markov process on {1, . . . , MN}

Mean ZN
k exponential times pN

k

(ZN
k , BNpN

k ) → (Zk, uk)

Z∗
k = supN ZN

k p∗k = supN BNpN
k

∑

k≥1

p∗k Z∗
k < ∞

Then, KN
t → Kt

Wk/v`N
(xk) pN (j, k)

XN
tβN

β−1
N Wk/v`N

(xk) pN (j, k) ∼ Pπ

[

H(AN ) = Hxk

]

=: qN (xk)

β−1
N Wk/v`N

(xk) → Zk MNqN (k) → uk
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Lemma 2

qN (xj) := Pπ

[

H(AN ) = Hxj

]

A = {x1, . . . , xM} For all z 6∈ A and L ≥ 1,

M
∑

j=1

∣

∣Pz[XHA
= xj ] − qN (xj)

∣

∣ ≤ 2
(

2−L + Pz[HA < Ltmix]
)
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Lemma 3

qN (xj) = Pπ[XHA
= xj ]

d(xi, xj) > 2` + 1 1 ≤ i 6= j ≤ MN

Then for all L ≥ 1

max
1≤i≤M

∣

∣

∣
qN (xi)−

deg(xi) v`(xi)

Γ`(A)

∣

∣

∣
≤ 2 max

z∈R(A,`)

{

2−L+Pz[HA ≤ Ltmix]
}

.

R(A, `) = VN \

MN
⋃

j=1

B(xj , `N )
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Lemma 3

qN (xj) = Pπ[XHA
= xj ]

d(xi, xj) > 2` + 1. Then for all L ≥ 1

max
1≤i≤M

∣

∣

∣
qN (xi)−

deg(xi) v`(xi)

Γ`(A)

∣

∣

∣
≤ 2 max

z∈R(A,`)

{

2−L+Pz[HA ≤ Ltmix]
}

.

KN
t trace of ΨN (XN

t ) on {1, . . . , MN} KN
βN t → Kt

β−1
N Wk/v`N

(xk) → Zk BNPz[XHA
= xk] → uk
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Lemma 3

qN (xj) = Pπ[XHA
= xj ]

d(xi, xj) > 2` + 1. Then for all L ≥ 1

max
1≤i≤M

∣

∣

∣
qN (xi)−

deg(xi) v`(xi)

Γ`(A)

∣

∣

∣
≤ 2 max

z∈R(A,`)

{

2−L+Pz[HA ≤ Ltmix]
}

.

KN
t trace of ΨN (XN

t ) on {1, . . . , MN} KN
βN t → Kt

β−1
N Wk/v`N

(xk) → Zk BNPz[XHA
= xk] → uk

LN εN = maxz∈R(A,`){2
−LN + Pz[HA ≤ LN tmix]

}

→ 0

Pz[XHA
= xj ] ≈ deg(xj) v`(xj) Γ`(A)−1

BN deg(xj) v`(xj) Γ`(A)−1 → uj
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Transitive graphs

GN transitive graphs

β−1
N Wk/v`N

(xk) → Zk β−1
N Wk/v`N

(x1) → Zk

BN deg(xj) v`(xj) Γ`(A)−1 → uj BNM−1
N → uj
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Transitive graphs

GN transitive graphs

β−1
N Wk/v`N

(xk) → Zk β−1
N Wk/v`N

(x1) → Zk

BN deg(xj) v`(xj) Γ`(A)−1 → uj BNM−1
N → uj

Assume exists MN ↑ ∞ AN = {xN
1 , . . . , xN

MN
} `N LN

d(xN
i , xN

j ) > 2`N + 1

εN = maxz∈R(AN ,`N )

{

2−L + Pz

[

HAN < LtNmix

]

}

→ 0

Set βN = [v`N
(x1)]

−1

KN
tβN

→ Kt K-process Zk = Wk uk = 1
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Transitive graphs
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]

}

→ 0

Set βN = [v`N
(x1)]
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KN
tβN

→ Kt K-process Zk = Wk uk = 1

ΨN (XN
tβN

) → Kt K-process Zk = Wk uk = 1
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Application

T
2
N tNmix = O(N2)
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T
2
N tNmix = O(N2)

MN = log log N `n = N/(log N)1/4 LN = (log N)1/4
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Application

T
2
N tNmix = O(N2)

MN = log log N `n = N/(log N)1/4 LN = (log N)1/4

P
[

⋃

1≤i 6=j≤MN

{d(xi, xj) ≤ 2`N + 1}
]

→ 0

≤ M2
NP

[

d(x1, x2) ≤ 2`N + 1
]

≤
M2

N `2N
N2

−→ 0
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Application

T
2
N tNmix = O(N2)

MN = log log N `n = N/(log N)1/4 LN = (log N)1/4

Pz

[

HAN < LN tNmix

]

≤ MN P0

[

Hx < LNN2
]

|x| ≥ `N

≤ MN P0

[

HT−1

N
x < LNN2

]

Z
2

≤ MN P0

[

sup
t≤LN N2

|Xt| ≥ NLN

]

+ MN

∑

|y|≤NLN

P0

[

Hy < LNN2
]

MN L2
N P0

[

Hy < LNN2
]

≤ MN L2
N P0

[

Hy < HB(NLN )

]

+ MN L2
N P0

[

HB(NLN ) < LNN2
]
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Application

T
2
N tNmix = O(N2)

MN = log log N `n = N/(log N)1/4 LN = (log N)1/4

βN = v`(x)−1

v`(x) = Px

[

H(B(x, `n)c) < H
+
x

]

(log N) v`(x) →
π

2

βN =
2

π
log N
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Random d- regular graph

Černý, Teixeira, Windisch 2010

d(xN
i , xN

j ) > 2`N + 1

εN = maxz∈R(A,`){2
−LN + Pz[HA ≤ LN tmix]

}

→ 0

β−1
N Wk/v`N

(xk) → Zk

BN deg(xj) v`(xj) Γ`(A)−1 → uj
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Random d- regular graph

Černý, Teixeira, Windisch 2010

d(xN
i , xN

j ) > 2`N + 1

εN = maxz∈R(A,`){2
−LN + Pz[HA ≤ LN tmix]

}

→ 0

β−1
N Wk/v`N

(xk) → Zk

BN deg(xj) v`(xj) Γ`(A)−1 → uj

MN = log N `N = α log N

P
[

B(xj , `N ) are disjoint trees
]

≥ 1 −
1

Na
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Random d- regular graph

Černý, Teixeira, Windisch 2010

d(xN
i , xN

j ) > 2`N + 1

εN = maxz∈R(A,`){2
−LN + Pz[HA ≤ LN tmix]

}

→ 0

βN = 1 β−1
N Wk/v`N

(xk) → Zk = d−1
d−2Wk

BN = MN BN deg(xj) v`(xj) Γ`(A)−1 = BNM−1
N → uj = 1

MN = log N `N = α log N

P
[

B(xj , `N ) are disjoint trees
]

≥ 1 −
1

Na

d(xN
i , xN

j ) > 2`N + 1

v`N
(xk) =

d − 2

d − 1
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Random d- regular graph

Černý, Teixeira, Windisch 2010

εN = maxz∈R(A,`){2
−LN + Pz[HA ≤ LN tmix]

}

→ 0

MN = log N `N = α log N

P
[

B(xj , `N ) are disjoint trees
]

≥ 1 −
1

Na

tNmix ≤ C log N

maxz∈R(A,`) Pz[HA ≤ C(log N)2] → 0
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