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Microscopic interface

Interface ¢ = {¢(x) € R; x € Z9}
¢
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¢(x): the height at position x
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Energy of miscroscopic interface

Energy of the microscopic interface ¢ = {#(x) € R; x € Z9}

HO =5 S V() - o)

X,yeZ9,|x—y|=1

(V:R — Ris C?, symm., ||V"||s < )
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Dynamics - Langevin equation

Langevin eq.

din(x) = — 2 (g0t + V2dwi(x), (1)

3¢( )

for

x € Ty = (Z/NZ)? with periodic b.c.
x € Dy = NDNZ? with Dirichlet b.c.
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Dynamics - Langevin equation

Langevin eq.

din(x) = — 2 (g0t + V2dwi(x), (1)

3¢( )

for
x € Ty = (Z/NZ)? with periodic b.c.
x € Dy = NDNZ? with Dirichlet b.c.

B w = {wi(x); x € ['n}: independent 1D B.m’s

0 &‘Zg’() =3 VI6() - 6(y)
yix=y|=1
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Hydrodynamic scaling limit (LLN)

Macroscopic interface hV(t, )
(t€[0,1,0 €[0,1)Y =: T or 6 € D)

AN(t, x/N) = N T ppei(x), xe€Tn

Theorem (Funaki-Spohn for 'y, N. for Dy with Dirichlet b.c.)

If V is strictly convex, i.e., there exist c_, c, > 0 such that

c. < V”(Tl) SCy, NE R

we have

AN — h: % = div {(Vo)(Vh)} 2

where o : R? — R is the surface tension introduced via
thermodynamic limit.
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Total surface tension

The equation (2) is the gradient flow with respect to the energy
functional

s (h) = / (Y h(6)) do @3)

in L?-space. The functional X is called total surface tension,”
which gives the total energy of the interface h.

The assumption “V is strictly convex” can be relaxed. If we
have the convexity of o (see Cotar-Deuschel-Miiller and
Cotar-Deuschel) and the characterization of Gibbs measures
for gradient fields, we can show the hydrodynamic limit. (joint
work with J.-D. Deuschel and Y. Vignard)
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Dynamics with a conservation law

Let us consider

OH

dolx) =4 {3<Z>(-)

(@)} ()t + VEdin(x), ()

for

x € Ty = (Z/NZ)? with periodic b.c.
x € Dy = NDNZ? with Dirichlet b.c.
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Dynamics with a conservation law

Let us consider

OH

dolx) =4 {3<Z>(-)

(@)} ()t + VEdin(x), ()

for
x € Ty = (Z/NZ)? with periodic b.c.
x € Dy = NDNZ? with Dirichlet b.c.
m W = {W(x); x € T'y}: Gaussian process with cov.

E[ws(x)m(y)] = —A(x,y)s At
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Dynamics with a conservation law

m A: (discrete) Laplacian

Af(x)= ) (fy)—f(x)), xeln

yeva‘X_ylz1
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Dynamics with a conservation law

m A: (discrete) Laplacian

Af(x)= ) (fy)—f(x)), xeln

yeva‘X_y‘:"

By Itd’s formula, it is easy to see

D> #i(x)= D ¢o(x)(=const.), t>0, (5)

xely xely

that is, the total sum of the height variable (= number of
particle) is conserved by this time evolution.
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Hydrodynamic scaling limit on the periodic torus

Macroscopic interface hN(t,60)(t € [0, 1],6 < [0,1)9 =: T)

AN(t, x/N) = N~ "gpar(x), X €Ty

Theorem (N. 2002)

If V is strictly convex, i.e., there exist c_, c, > 0 such that
c. <V'(n)<cy, neR

we have 5h

N — h- o = ~Adiv{(Vo)(Vh)}
where o : R9 — R js the surface tension introduced via
thermodynamic limit.
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Problem

What happen in the case with Dirichlet b.c.?

Takao Nishikawa Hydrodynamic with boundary condition



Main Result

Hydrodynamic scaling limit on finite domain

Let D be a finite, convex domain with Lipschitz boundary. We
assume that there exists hy € H=1(D) such that

. N 2 _
NIEnOO E||h"(0) — h0||L2(D) =0
We then have
Jim E[[AN(8) = h(t)][3 oy = O,

where h is the weak solution of nonlinear PDE

oh :
5= —Adiv{(Vo)(Vh)}. (6)
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Main Result

Functional spaces

Since the solution h should satisfy

(h(t),1) = (ho, 1),

h(t) runs over an affine space.
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Main Result

Functional spaces

Since the solution h should satisfy

(h(t),1) = (ho, 1),

h(t) runs over an affine space.

We shall thus consider the tangential space:
mH= {h € H'(D)*; oy (0 1) i) = o}

m V= {h € Hy(D); w1 (py-(h, 1) ki (py = 0}

mVCH~H CcV*
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Main Result

Nonlinear partial differential operator

For f € H}(D), we define As: V — V* by
Ai(h) = —A[div{(Vo)(Vh + VF)}

(single valued, monotone, coersive operator)
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Main Result

Formulation of PDE

We call h = h(t, ) the solution of PDE (6) when there exists a
function f € H}(D) s.t.

n <h0’1> = <fa1>
B hs=h—-1f:[0,T] — V*is absolutely continuous in t and

hs € C([0, T]; H) N L3(0, T; V) n W'2([0, T], V*)
B h; satisfies
t
h,(t)_(ho—f)+/ A¢(hs(s))ds in V*
0

fora.e. t [0, T].
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Main Result

Limit of h(t) as t — oo

The solution h(t) is gradient flow with respect to
s(h) = / (Vh(6)) db
D

under the H~' metric.
The limit of h(t) as t — oo is
arginf{X(h); (h,1) = c},

which coincides “Wulff shape” obtained by
[Deuschel-Giacomin-loffe ’00].
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Rough sketch of the proof

How to show

The proof is by H='-method in
m Funaki-Spohn, Commun. Math. Phys. ('97)
m N., Probab. J. Math. Univ. Tokyo ('02)
m N., Probab. Theory Relat. Fields ('03)

Takao Nishikawa Hydrodynamic limit with boundary condition



Rough sketch of the proof

What we need to do

Following the results stated before, we have the conclusion
once we have
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Rough sketch of the proof

What we need to do

Following the results stated before, we have the conclusion
once we have
El a priori bounds for stochastic dynamics
H a priori bounds for discretized equation corresponding to
(6)
E uniqueness of ergodic stationary measure
(In [N. 03] this property plays a key role.)

A establish local equilibrium
B derive PDE (6)
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Rough sketch of the proof

What we need to do

Following the results stated before, we have the conclusion
once we have
El a priori bounds for stochastic dynamics
H a priori bounds for discretized equation corresponding to
(6)
E uniqueness of ergodic stationary measure
(In [N. 03] this property plays a key role.)

A establish local equilibrium
B derive PDE (6)

Major issues are 2 and 3.

Takao Nishikawa Hydrodynamic limit with boundary condition



Rough sketch of the proof

Notations

m (Z9)*: all oriented bonds in Z9, i.e.
(29 ={(x,y) € 29 x 2% |x — y| = 1}
m V: discrete gradient
Vo(b) = ¢(x) — d(y), b= (x,y)

-xz{v¢ewﬁﬂ¢ekﬁ}
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Rough sketch of the proof

Dynamics on the gradient field

For the solution ¢; of SDE (1), n; = V¢; satisfies
dni(b) = —VAU.(:)(b) dt + V2dV ik (b), (7)

where

Ux(n) == > V'(n(b)).

b:xp=x
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Rough sketch of the proof

Dynamics on the gradient field

For the solution ¢; of SDE (1), n; = V¢; satisfies
dni(b) = —VAU.(:)(b) dt + V2dV ik (b), (7)

where

Ux(n) == > V'(n(b)).

b:xp=x
The generator for (7) is given by

L= %,

xezd

0
H=2 2 Ge)

b:xp=x
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Rough sketch of the proof

Stationary measures and Gibbs measures

Let a measure 1» on X be invariant under spatial shift and
tempered, that is,

Er[p(b)?] < 0o, be (Zd)*.

holds. If i is a stationary measure corresponding %, i.e.,
/X Zf(n)u(dn) =0

holds for every f € C2,.(X), u is then the Gibbs measure

introduced by [Funaki-Spohn].
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Rough sketch of the proof

Proof of Theorem

We shall apply the same method in [Deuschel-N.-Vignard, in
preparation], which is based on [Fritz, 1982]. The key
ingredient is to show

Jlim n=%Ip, (uln,) = O, (8)

where

m () = & (VEVE, = -2

N dun,
m 4, finite volume Gibbs measure on Ap, := [-n, n]? with
free boundary condition

m &), Dirichlet form for the time evolution on A, with free
boundary condition
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Rough sketch of the proof

Thank you for your attention!
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