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Energy Diffusion: heat equation

Chain of Anharmonic oscillators

pi ,qi ∈ R, i ∈ Λ, ∣Λ∣ = N or Λ = Z.

H =∑
i

[
p2
i

2
+V (qi − qi−1) +U(qj)]

=∑
i

ei

dqi = pi dt

dpi = −∂qiH dt

dQβ =
e−βH

Zβ
dpdq β = T−1

> 0
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Energy Diffusion: heat equation

ei =
p2
i

2
+V (qi − qi−1) +U(qi) Energy of atom i .

ėi = (i−1,i − i ,i+1) local conservation of energy.

i ,i+1 = −piV
′
(qi+1 − qi) hamiltonian energy currents

S. Olla - CEREMADE Energy diffusion



Energy Diffusion: heat equation

ei =
p2
i

2
+V (qi − qi−1) +U(qi) Energy of atom i .
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Energy Diffusion: heat equation

Non-stationary behavior

We would like to prove that

1

N
∑
i

G(i/N)ei(N
2t) Ð→

N→∞∫
G(y)u(t, y)dy

with u(t, y) solution of the nonlinear heat equation:

∂tu = ∂yD(u)∂yu

with the thermal conductivity defined by the Green-Kubo formula:

D(u) = χ−1
β ∑

i∈Z
∫

∞

0
⟨i ,i+1(t)0,1(0)⟩

β
dt , β = β(u)

Not clear under which initial conditions such limit would be true
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Energy Diffusion: heat equation

Equilibrium Fluctuations: Linear response

Here is a theorem that has a clear and precise mathematical
statement:

Consider the system in equilibrium at temperature T = β−1, and
perturbe it at time 0 in atom 0 by adding some energy there: so
we start with the measure

dQ ′
β =

e0

< e0 >β
dQβ

We want to study the time evolution of

< ei(t) >Q′

β
= ∫ eidQ

′
β,t =

< ei(t)e0(0) >

< e0 >
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Energy Diffusion: heat equation

Linear response

Assuming that the corresponding limits exist, we have that

D =
κ

β2χ(β)
=
< e0 >β

χ(β)
lim
t→∞

1

t
∑
i∈Z

i2 < ei(t) >Q′

β

with χ(β) = ∑i(< eie0 >β − < ei >β< e0 >β).

In fact, using stationarity and translation invariance

< e0 >β ∑
i∈Z

i2 < ei(t) >Q′

β
=∑

i∈Z
i2 < (ei(t) − ei(0))ei(0) >β

= 2∫
t

0
ds ∫

s

0
dτ∑

i

⟨i ,i+1(s − τ)0,1(0)⟩

Ð→
t→∞2∫

∞

0
∑
i

⟨i ,i+1(s)0,1(0)⟩ ds
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Energy Diffusion: heat equation

Linearized heat equation

Define
C(i , j , t) =< ei(t)ej(0) >β − ē2

Conjecture:

NC([Nx], [Ny],N2t) Ð→
N→∞

(2πD)
−1/2 exp(−

(x − y)2

2tD
)

i.e. the limit follows the linearized heat equation

∂tC = D∂xxC

this is more challenging than proving existence for D.
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Energy Diffusion: heat equation

How to prove this?

Define, for a good choice of a sequence of smooth local functions
Fn

Φn = 0,1 −D(e1 − e0) − LFn

with L the generator of the dynamics,

and pick a nice test function G(x):

1

N
∑
i ,j

G (
i

N
)F (

j

N
) [C(i , j ,N2t) − C(i , j ,0)]

=
1

N
∑
i ,j

G (
i

N
)F (

j

N
) ⟨(ei(N

2t) − ei(0))ej(0)⟩

= ∫

t

0
∑
i ,j

∇G (
i

N
)F (

j

N
) ⟨i ,i+1(N

2s)ej(0)⟩ds
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Energy Diffusion: heat equation

=∫

t

0

1

N
∑
i ,j

∆G (
i

N
)F (

j

N
)D ⟨ei(N

2s)ej(0)⟩ds

+ ∫

t

0

1

N2 ∑
i ,j

∇G (
i

N
)F (

j

N
) ⟨(N2L)τiFn(N

2s)ej(0)⟩ds

+ ∫

t

0
∑
i ,j

∇G (
i

N
)F (

j

N
) ⟨τiΦn(N

2s)ej(0)⟩ds

∼∫

t

0

1

N2 ∑
i ,j

∆G (
i

N
)F (

j

N
)DNC(i , j ,N2t)ds

+
1

N2 ∑
i ,j

∇G (
i

N
)F (

j

N
) ⟨τi(Fn(N

2t) −Fn(0))ej(0)⟩ds

+ ∫

t

0
∑
i ,j

F (
j

N
)∇G (

i

N
)⟨

1

2k
∑
∣i−l ∣≤k

τlΦn(N
2s)ej(0)⟩ds
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Energy Diffusion: heat equation
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Energy Diffusion: heat equation

Φn = 0,1 −D(e1 − e0) − LFn

Φ̂n,k =
1

2k
∑
∣j ∣≤k

τjΦn

By Schwarz we can bound the square of the last term by

∥F ∥
2ē2

⟨(∫

t

0
N∑

i

G ′
(
i

N
) τi Φ̂n,k(N

2s)ds)
2

⟩

= C ⟨(∫

N2t

0

1

N
∑
i

G ′
(
i

N
) τi Φ̂n,k(s)ds)

2

⟩

We are left to prove that this is negligeable as N →∞, k →∞ and
n →∞.
For a deterministic hamiltonian infinite dynamics, I do not know
how to show that this variance is small.
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Energy Diffusion: heat equation

Stochastic dynamics perturbations

For stochastic dynamics there is a technique to prove this (in some
cases...):
Varadhan’s Non Gradient methods.

▸ S.R.S. Varadhan (1990): Non-gradient Ginzburg-Landau
conservative model (reversible).

▸ Quastel (1990): two color exclusion model (reversible).

▸ Funaki, Uchiyama, Yau (1996); Varadhan, Yau (1997):
Kawasaki dynamics(reversible).

▸ Lin Xu (NYU-PhD thesis-1993): Mean Zero Asymmetric
Simple Exclusion, non-reversible but with Sector Condition.

▸ Landim, Yau (1997), ...: Asymmetric Simple Exclusion
(graded sector condition obtained by duality methods).

▸ ....

▸ Romero (Dauphine-PhD thesis 2010): Energy conserving
momentum dynamics (non-linear vector fields, reversible).
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Energy Diffusion: heat equation

Varadhan’s non-gradient method

For stochastic dynamics, roughly the idea is the following:

Φn = 0,1 −DT (e1 − e0) − LFn

Φ̂n,K =
1

2k
∑

∣j ∣≤k−rΦ

τjΦn

How can the space-time variance be small?

For the finite set Λk = {−k , . . . , k}, consider the generator LΛk
,

with free B.C. The corresponding dynamics conserve the energy of
the box ∑i∈ΛK

, if the noise is sufficiently nice (ellipticity, spectral
gap ...), there will be ergodicity in the corresponding
microcanonical surface, and it will be possible to solve the equation

LΛK
uk =

1

2k

k−1

∑
i=−k

i ,i+1
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Energy Diffusion: heat equation

Varadhan’s non-gradient method

LΛK
uk =

1

2k

k−1

∑
i=−K

i ,i+1

going back to the full generator of the infinite dynamics:

1

2K

k−1

∑
i=−k

i ,i+1 = −(L − LΛk
)uk + Luk

It is the boundary term (L − LΛk
)uk that gives origin to the

gradient DT (ek − e−k), in the proper limit.
This requies some work and two ingredients: bounds on the
spectral gap and a sector condition.
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Energy Diffusion: heat equation

Chain un unpinned anharmonic oscillators with
conservative noise

Joint work with Makiko Sasada (Keio University, Tokyo).
Take U = 0 (unpinned), and

ri = qi − qi−1

Equilibrium measure are product:

dQβ =∏
i

e−β(p
2
i /2+V (ri))

Zβ
dpidri β = T−1

> 0

V ∈ C2, 0 < C− ≤ V ′′(r) ≤ C+ < +∞ .
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Energy Diffusion: heat equation

Energy Conserving Noise

We use the vector fields tangent to the microcanonical surface:

Yi ,j = pi∂rj −V ′
(rj)∂pi ,

Xi = Yi ,i

The Hamiltonian vector field is

A =∑
i

(pi − pi−1)∂ri −V ′
(ri)(∂pi − ∂pi−1) =∑

i

(Xi −Yi−1,i)

We add stochastic dynamics with generator defined by

S =∑
i

(X 2
i +Y 2

i ,i+1)

L = A + S

It will be interesting extend this to different type of noise or
chaotic mechanism.
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Energy Diffusion: heat equation

Currents

ai ,i+1 = Yi ,i+1ei = −piV
′
(ri+1)

si ,i+1 = Y 2
i ,i+1ei = −p

2
i V

′′
(ri+1) +V ′

(ri+1)
2

NON GRADIENT CURRENTS

In the harmonic case (V (r) = r2/2) we have the decomposition:

0,1 = D(e1 − e0) + LF

for a homogeneous second order polynome F (r ,p) and D constant.
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Energy Diffusion: heat equation

Φn = 0,1 −DT (e1 − e0) − LFn

Φ̂n,K =
1

2K
∑
∣j ∣≤K

τjΦn

By a general inequality valid for all Markov processes:

⟨
⎛

⎝
∫

t

0
N∑

j

G ′
(i/N)τi Φ̂n,K(N2s)ds

⎞

⎠

2

⟩

≤ Ct ⟨∑
i

G ′
(i/N)τi Φ̂n,K , (−S)

−1
∑
i

G ′
(i/N)τi Φ̂n,K⟩

∼≤ Ct∥G ′
∥

2
L2K ⟨Φ̂n,K , (−SΛK

)
−1Φ̂n,K ⟩

We are left to prove that this is negligeable as N →∞, K →∞ and
n →∞.
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Energy Diffusion: heat equation

Microcanonical variance

< ⋅ >K ,E : microcanonical expectation on the energy shell

ΣK ,E = {(r1,p1, . . . , rK ,pK) ∶
K

∑
i=1

ei = KE}

Hypothesis on V Ô⇒ connected surface.

For two local functions f ,g define

⟪f ,g⟫ = lim
K→∞

1

K
⟨

k−`
∑

i=−k+`
τi f , (−SK)

−1
k−`
∑

i=−k+`
τig⟩

K ,E

We need to prove that there exists Fn such that

⟪Φn,Φn⟫Ð→ 0

for Φn = 0,1 −D(e1 − e0) − LFn.
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Energy Diffusion: heat equation

variational formulas

Let Φ = X0F +Y0,1G , for some local F ,G , then

lim
K→∞

1

2k
⟨

k−`
∑

i=−k+`
τiΦ, (−SK)

−1
k−`
∑

i=−k+`
τiΦ⟩

k,E

= ⟪Φn,Φn⟫

≤ sup
(ξ0,ξ1)closed

{2 < F , ξ0
> +2 < G , ξ1

> −γ (< (ξ0
)

2
+ (ξ1

)
2
>)}

Def: (ξ0, ξ1) ∈ L2 × L2 is a closed form if

Xi(τjξ
0
) = Xj(τiξ0) Yj ,j+1(τiξ

1
) = Yi ,i+1(τjξ

1
)

Xi(τjξ
i
) = Yj ,j+1(τiξ

0
) i ≠ j , j + 1

. . .
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Energy Diffusion: heat equation

exact forms

We need to show that closed form are approximated (in L2(Qβ))
by exact forms:
Def: (ξ0, ξ1) ∈ L2 × L2 is an exact form if there exists F local and a
constant a ∈ R such that

ξ0
= X0(∑

i∈Z
τiF )

ξ1
= Y0,1(∑

i∈Z
τiF ) + ap0V

′
(r1)

This is proven by a careful construction, integrating the form

{ξmj , j = 1, . . . ,K ,m = 0,1}

on the microcanonical surface ΣE ,K , that has the same
cohomology of the 2K-sphere, and controlling the boundary
conditions as K →∞, with the spectral gap on SK .
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Energy Diffusion: heat equation

Ingredients to prove this:

▸ Spectral gap bound for SK : SG(SK) ≥ CK−2 .

▸ Sector condition: ∣ < vAu > ∣2 ≤ C < v(−S)v >< u(−S)u >.
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Energy Diffusion: heat equation

▸ Spectral gap bound for SK : SG(SK) ≥ CK−2 .

i.e. for any smooth local f such that < f >K ,E= 0

< f 2
>K ,E ≤ C1

K

∑
i=1

⟨(Xi f )
2⟩

K ,E
+ C2K

2
K−1

∑
i=1

⟨(Yi ,i+1f )
2⟩

K ,E

Yi ,i+1 = pi∂ri+1 −V ′
(ri+1)∂pi ,

Xi = Yi ,i = pi∂ri −V ′
(ri)∂pi ,
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Energy Diffusion: heat equation

Sector Condition

For any i decompose f = fi ,odd + fi ,even

fi ,odd(p) =
1

2
(f (p(i)) − f (p)), fi ,even(p) =

1

2
(f (p(i)) + f (p)),

with p
(i)
i = −pi and p

(i)
j = pj if j ≠ i .

⟨vAu⟩ =∑
i

⟨v(Xi −Yi−1,i)u⟩

⟨vXiu⟩ = ⟨vi ,oddXiui ,even⟩ + ⟨vi ,evenXiui ,odd⟩

= ⟨vi ,oddXiui ,even⟩ − ⟨ui ,oddXivi ,even⟩

≤ ⟨v2
i ,odd⟩

1/2
⟨(Xiui ,even)

2⟩
1/2

+ ⟨u2
i ,odd⟩

1/2
⟨(Xivi ,even)

2⟩
1/2

≤ C ⟨(Xiv)
2⟩

1/2
⟨(Xiu)

2⟩
1/2

+ ⟨(Xiu)
2⟩

1/2
⟨(Xiv)

2⟩
1/2

and similarly for < vYi−1,iu >.
Ô⇒ ∣ ⟨vAu⟩ ∣ ≤ C ⟨v(−S)v⟩ ⟨u(−S)u⟩.
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Energy Diffusion: heat equation

equilibrium fluctuations

Equivalently we can express the result in term of the fluctuation
field

Y N
=

1
√
N
∑
i

δi/N {ei(0) − e}

It converges in law to a delta correlated centered gaussian field Y

E [Y (F )Y (G)] = χ∫ F (y)G(y)dy

Theorem

Y N
t =

1
√
N
∑
i

δi/N {εi(N
2t) − e}

converges in law to the solution of the linear SPDE

∂tY = D ∂2
yY dt +

√
2Dχ ∂yB(y , t)
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Energy Diffusion: heat equation

proof of spectral gap bound

start with the martingale decomposition:

Gk = σ {e1, . . . , ek ,pk+1, rk+1, . . . ,pL, rL}

fk ∶= E [f ∣Gk], fL = fL(e1,⋯, eL)

< f 2
>L,E=

L−1

∑
k=0

< (fk − fk+1)
2
>L,E + < f 2

L >L,E

each X 2
k has his uniform spectral gap in the corresponding

microcanonical surface (Xkek = 0):

< f 2
>L,E≤ C

L−1

∑
k=0

< (Xk+1fk)
2
>L,E + < f 2

L >L,E
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Energy Diffusion: heat equation

proof of the spectral gap bound

Yk,k+1 = pk∂rk+1
−V ′

(rk+1)∂pk

Yk,k+1fL = pkV
′
(rk+1)(∂ek − ∂ek+1

)fL(e1, . . . , eL)

< (Yk,k+1fL)
2
>L,E ∼ ⟨ekek+1 [(∂ek − ∂ek+1

)fL]
2
⟩
L,E

Dirichlet form of the Ginzburg Landau model! We are left to prove
G for this GL model:

< f 2
L >L,E ≤ C2L

2
L−1

∑
k=1

⟨ekek+1 [(∂ek − ∂ek+1
)fL]

2
⟩
L,E
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Energy Diffusion: heat equation

proof of the spectral gap bound

The microcanonical marginal density on the energies e1, . . . , eL has
a linear behavior at large values, and not strictly convex, also the
weight ekek+1 does not allow easy telescoping arguments.

Caputo approach + a smart telescoping + the elementary
inequality

∫

1

0
g(t)2dt ≤

1

2 ∫
1

0
g ′(t)2t(1 − t)dt
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