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1. Introduction

Dyson’s Brownian motion model [Dyson 62] is a one parame-
ter family of the systems solving the following stochastic differential
equation:

b .
X;(8) = w;+ Bj(t) + / <j<n
2. 12,:€< 0 X; (s) — Xk(s)
k%5
where B;(t),j = 1,2,...,n are independent one dimensional Brown-

ian motions.

In the system, interaction between any pair of particles is repulsive
and its strength is proportional to the inverse of particle distance
with proportional constant 3/2 > 0.

We consider the case that 8 = 2 and call the model in the special
case the Dyson model.



The Dyson model is realized by the following three processes:

(i) The process of eigenvalues of Hermitian matrix valued diffusion
process in the Gaussian unitary ensemble (GUE).

(ii) The system of one-dimensional Brownian motions conditioned
never to collide with each other.

(iii) The harmonic transform of the absorbing Brownian motion in
a Weyle chamber of type A,,_1:

Wn={w=(w1,az2,---,xn):x1<x2<---<xn}.

with harmonic function given by the Vandermonde determinant:

hn(z)= [ (ap—=;) = det [ag,jll.

1<j<k<n 1<jk<n



The configuration space of unlabelled particles:

M = {g . £ IS a nonnegative integer valued Radon measures in IR{}

Any element £ of 91 can be represented as:
£C) = 6x,()
jel
with some sequence (z;) ;1 Of R satisfying #{j € [ : z; € K} < oo, for
any compact set K. The index set I is countable.

9 is a Polish space with the vague topology: we say &, converges
to & vaguely, if
im, [ ¢(@)én(dn) = [ o(@)E(dr)

n—oo

for any ¢ € Cgp(R), where Cp(R) is the set of all continuous real-
valued functions with compact supports.



For the solution (X;(t),j =1,2,,...,n) of

< n,

t ds
X;() =a;+ Bi(t) + 3 /oxj(@_xk(s)’lgj—

k:1<k<n
=

we put

gn(t) — Z 5Xj(t)a (S [0700)7
=1

which is an 9)-valued diffusion process starting from the configura-

n
tion &= ) éz;. We denote the process by (£"(t),P¢) and call it the
Jj=1
Dyson model with unlabeled particles.



The moment generating function of multitime distribution of a IN-
valued process £(t) is defined as

exp{ Eﬂi:lfﬂ%fm(w)é‘(tm,dw)}]

for t = (t1,tp,...,ty) wWith 0 < t1 < to < -+ < tpy, and f =
(f17f277fM) with meCO(R>71§m§M

wi(f) =F

Set ym(:) =efm() — 1.1 <m < M.

M Nm,
¢ L (m) (m)
W) = = dw xm (2(™)
N7§>:O / m=1 RYm m=1 {Nm! N H }
1<m<M

x,o(tl,a;](\}l);... tad, w%)

with the multitime correlation functions p (tl,w](\}l); ot w%\]\?)



A processs £(t) is said to be determinantal if the moment gener-
ating function of the multitime distribution is given by a Fredholm
determinant

Wil = Det  [8uba(y) + K(s it xiw)],
(s;)€(t1 b2, t0r),
(z,y)€R?

In other words, the multitime correlation functions are represented
as

ti, ey’ .ty x = det K(tm,x: 7 tn, :
p( b M N 1<j<Nm,1<k<Np Ctm 25775 b 1)
1<m,n<M

O<t1 < - <ty < o0, :135\,7:3 = (azgm),...,a:%:bn)) e RVNm 1 <m< M,
(N1,...,Npy) € NM M e N. The function K is called the correlation
kernel of the determinantal process.



The Dyson model £7(t) starting from the origin is the determinantal
process with the correlation kernel K:

¢ 1 n—1 / k/2 T Y '
) e (m)n (m) s
1 2 /t\F/?2 x Yy ,

k=n

where

or(z) = {(Vr2"k) "2 Hy()e /2

is the normalized orthogonal functions on R comprising the Hermite
polynomials Hy(x)



[Bulk scaling limit] As n — oo, the process £"(n 4+ t) converges
the infinite dimensional determinantal process (¢5"(t), P) whose cor-
relation kernel KS" comprising trigonometrical functions:

( 1
—/ du e(t=5)u%/2 cos(u(xz —vy)), if s <t,
m™JQ
sin(z — vy)
771(:1: ;Oy) ’ ]
——/ du e(t—=8)u”/2 cos(u(z —vy)), if s >t.
\ m™J1

KN (s, 2 t,y) = ¢ if s =t,

The process is reversible process with reversible measure usj, the
determinanatal point process with the sine kernel

K¥"(z,y) = K¥"(0,2;0,y).
[Nagao-Forrester (1998)]

T heorem [Katori-T:to appear in MPRF]
The process (£5"(¢), P) is a continuos reversible Markov process.
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[Soft edge scaling limit] As n — oo, the scaled process
Ou(nny€ (3 4+ 1) = {X;(nY3 4+ t) — a(n, 1)},

with a(n,t) = 2n?/3 4+ nl/3t —t2/4, converges to the infinite dimen-
sional determinantal process (¢21(t), P) whose correlation kernel KA
comprising the Airy function Ai(x):

(0
. / du e(t_s)u/QAi(a: —w)Ai(y —u), if s<t,
KA (s, z;t,y) =4 /-

0@
oo
—/O du =2 Ni(z — w)Ai(y — u), if s>t
The process is reversible process with reversible measure usj, the
determinanatal point process with the Airy kernel
_ Ai(z)Ai'(y) — Ai'(2)Ai(y) e

KAl(xay) — r—1Y ! w#y

(A'(x))? = z(Ai(z))? if z =y,

[Forrester-Nagao-Honner (1999)],[Prahofer-Spohn (2002)]

‘Theorem [Katori-T:to appear in MPRF]
The process (¢A1(t), P) is a continuos reversible Markov process.
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2. Dirichlet forms

A function f defined on the configuration space 91 is local if f(§) =
f(&r) for some compact set K. A local function f is smooth if
f(8=1 0;) = f(x1,22,...,2n) With some smooth function f on R™.
We put

Do ={f: f is local and smooth with compact support}.

Put

15 o7 a3

D[f, g](§) = 5 P 8—:1:]8—:13]’ I,9 € Do,

and for a probability measure u on 91 we introduce the bilinear form

e"(f.9) = [ DIf.gldu, f.g € Do,

11



Let ® be a free potential, W be an interaction potential. For a
given sequence {b-} of positive integers we introduce a Hamiltonian
on S'r' — (—br,b']"):

H () =H>Y(O =Y @)+ Y Wiz,

:IZjESr :Cj,aikESr,j<k
We put MM = {£ € M : £(Sr) = m} and pu* = p(- NINTY).

Definition(quasi Gibbs measure) A probability measure p is said
to be a (¥, WV)-quasi Gibbs measure if there exists an increasing
sequence {br} of positive integers and measures {u" } such that for
each r,m € N satisfying

and that for all r,m,k € N and for p%-a.s. £ €M
¢ e MO L (ONAS) < (s, € dClése) < ce™ M) Lanm (OA(AE)

Here A is the Poisson random measure with intensity measure dzx.
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(A.1) p has a locally bounded correlation functions p(xy),n € N.
(A.2) pis a (P, W)-quasi Gibbs measure.

(A.3) There exist upper semicontinuous functions &g, W, and pos-
itive constants C and C’ such that for any z,y € R

C7ldg(x) < d(z) < Cdg(a),

C'IWo(z —y) < W(z,y) <C'Vo(z —y), Wo(z)= Vo(—2x)

Moreover, &g and W are locally bounded from below and
{Wo(x) = oo} is compact.
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T heorem [Osada :arXivimath.PR/0902.3561]
Assume (A.1), (A.2) and (A.3). Then

(1) (EX, Dy, L2 (M, 1)) is closable,

(2) its closure (EX,DH, L2(OM, 1)) is a local quasi regular Dirichlet
space,

(3) there exists a u-reversible diffusion process (=(t), P) associated
with the Diriclet space.

Corollary [Osada :arXiv:imath.PR/0902.3561]

The probability measure usj, satisfies (A.1), (A.2) and (A.3) with
®d(x) =0 and W(z) = —2log |x—y|, and there exists a usjy-reversible
diffusion process (=5'"(t), P) associated with the Diriclet space.
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Theorem 1

The probability measure ua; satisfies (A.1), (A.2) and (A.3) with
®d(x) =0 and W(x) = —2log |z —y|, and there exists a uaj-reversible
diffusion process (=A!(t), P) associated with the Diriclet space.

Remark. It is proved that the process (¢21(t), P) is associated
with a Diriclet space (£,D) which is a closed extension of the pre-
Dirichlet space (EMAI, Dy, L2(IM, nai)). Then we see that DHAI C D.
Our conjecture is the coinsidence of the above two Dirichlet spaces,
i.e. DHAI =D,
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3. SDE for the process (=2(t), P)

Theorem 2
The process ZA(t) = 3 e Sx,() satisfies the following SDE:

. 1
dX;(t) =dB;(t) + |lim { k;&j:pg(md X;(t) — Xp(t)
lul<L —u

where B;(t), j € N are independent Brownian motions and

p(u) = gl(u < 0).

16



Remark In the above SDE we can replace the function p(u) to a
function p(uw) satisfying the following conditions:

(2) lim plu) =p(w) 4 — o,
L—o0 J|u|<L —U

The density functions pA(u) = Kaj(u,u) of ™, and p2l(u) of the
palm measure uﬁi satisfy the condition (1), however, it has not been
shown if they satisfy the condition (2). Note that in the case that
the density function p™i(u) is considered the integral implies Cauchy
principal value.
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Let Mk be the Campbell measure of u:
WMA X B) = [ e, (Blp(ay)dey, A BRY), B e BO).

We call d* € L (R x 9, 1) the log derivative of p if d* satisfies

/Rxmd“(:vm)f(wm)dul =— [ Vaf(zm)du",

for any f € C§°(R) ® Dy.

For f,g € C(RF) ® Do

VELL, gl (g, m) =

Y

1 Ek: Of (xg,n) 0g(xy, n)
2j=1 oxj oxj

]D)k[f7 g] (wka 77) — vk[fa g] (wka 77) + D[f(wka ')7 g(wka )](77)7
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Let (£, C8°(R*) ® Dg) be the bilinear form defined by

eMtg) = [, DFIf gl

(a.1) p¥* is locally bounded for each k € N.

(a.2) (&F,C8(R*) ® Do) is closable on L?(u*) for each k € N.

T heorem [Osada, JMSJ 2010]

Assume (a.1) and (a.2). Then the closure (&F, Dk, L2(R* x M, uF) of
(EF, CE(RF) ® Do, L2(R* x M, u¥)) is a local quasi regular Dirichlet
space, and the associated diffusion process ((X*(¢),=(t)), P) exists.

19



(a.3) There exists a log derivative d*.
(a.4) Cap(On\ M=) =0,
where 9 = {£ e M : &(x) < 1,Vx € R, E(R) = oo}

(a.5) There exists T > 0 such that for each R >0

. o0 —u2/2 _
Ilmlcgf </|x|§R-I—?“ p(x)dx /r/ (r—I—R)Te du> 0

T heorem [Osada, PTRF (on line first)]

Assume (a.1) - (a.5). There exists My C M such that u(Mp) =1,
and for any £ = ZjeN (5%. e Moy, there exists RN_-valued continuous
process X (t) satisfying X(0) = x = (xj)ﬁl

de(t) = dBj(t) + d* (Xj(t), Z 5Xk(t)> dt, jeN
k:k#*j
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The key part in the proof of Th 2 is to determine the log derivative
of puaj.

Lemma 3 ForzeR and n= ) §, with n({z}) =0,
jeN

. . 1 0
L—o0 jile—yi <L T —Yj lul<L —u

Remark [Osada, PTRF (on line first)] For z € R and n= ) 4y,
jeN
with n({z}) =0,
1
r — yj

dHsin — |lim
(z,m) = lim_ .. >
jilz—y;|<L
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To prove Lemma 3 we use the distribution of n particles in GUE
system is

n 1 2 - |uz|2
neup(ul,ug, . un) = = [ lus —ujl“expq — > :
3 i=1 2

We put u; = 2v/n + % and intrduce the measure defined by

{ n 2\/ﬁ—|—n1/6:13i|2}

1 2
iz, z,..,xn) = — || l#i —zj|“exp ¢ — >
Z iS5 i=1 2

which is the determinantal point process with the correlation kernel

1/3Vn(@)Wn-1(y) — Vyp-_1(2)Wa(y)
T —y

Kj(z,y) =n

with

__ . 1/12 X
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The palm measure Mﬁz IS also a determinantal point process and
its kernel is represented as

Ky, 2) K7y (2, 0)
K" (z, 2)

KZ,Z — KZ(x7y) T
Note that

lim KjG(z,y) = KMN(z,y) and  lim K} (z,y) = KL (2,y)
and
: — AI : —_ Ai
Jim py = and  lim B4, = My -
In particular
lim p%(z) = p™(z) and im o% .(z) = p2N(z)
n—oo A n-—oo A2 z )

and

" (dzdn) = 1A (dn)pa(z)de — u(dzdn), vaguely n — oo.
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The log derivative d"™ of the measure “7}\ IS given by

n—1 n—1 —1/3
1
d"(z,n) =d" (af;, 5yj> =) _ /3
j=1 j=1 L —Yj 2
We divide d" into three parts:
d"(z,n) = gr(z,n) + wi(z,n) +u"(z),
with
1 Py ()
gi(x,m) = ) — 2 du,
o—y;|<L T —Yj lz—u|l<L T —u
1 P (1)
wi(z,m) = ) — AL du,
o—y;|>L T — Y lx—u|>L x —u
n —1/3
u'(z) = / pA’x(U)du —nl/3 nt x.
R = —u 2

Z.
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Lemma 3 is derived from the fact that

Al 1 0
d I(a:,n) = |lim d"(z,n) = Iim E — —p<y)du
n—00 L—o0 Tr— Y, lu| <L —
a—yjl<r T2 TR T

if the following conditions hold:

im g7 (x,n) =gr(x,n), in LP(ut) forany L>0, (1)

n—ao
lim lim su "(z,y)|Pdu™t (dedn) = 0, 2
Amotimsap o (WL V) Fdp (dzdn) (2)
im u(x) = u(x), in LfOC(R,daz) : (3)
with
1 i (u)
gL(CCﬂ?) — Z - L du,
|x_yj|<Lx — Y lx—u|<L T —u
and

w(z) = lim {/|u pﬁi(“)du—/lu @du}efﬁ (R, dz).

L—00 <L x — u <L —u loc

25



T he first condition:

lim gf(z,n) =gr(z,n), in LP(ul) for any L > 0,

n—oo

() Since

Al w) — o U
gL(wm)—gﬁ(x,n)=—/ pr (u) — pl . ( )d

|lx—u|<L r— U 7

The claim is derived from

lim plh o (w) = pf' ()

n—aoeo

and the behavior of p% (u) and p'(u) around z.
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T he second condition:

lim lim su n Pau™Y(dxdn) = 0
Jmotimsup f o (WL V) Fdp™ (dzdn) = 0,
1 Py (U
Since / > du'y (dn) :/ PAZ 7 du, we have
oy, >L T Y z—ulzL x —u
1
wi(z,n) = iy o (dn)
|z — y]|>L Mo yl>L Y

Since u'y .(dn) is a determinantal point process, for any bounded
closed interval D of R, we have

[ [ ool < (3 [ pwan) < (3 [ i),
for k,n € N,
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Let £ € 91 and p be the nonnegative function on R. Suppose that
there exist e € (0,1), C1 > 0 and L7 > 0 such that

< C{L*, L > L1.

0
< 1L, '«[—L,o» ~ [, pla)da

<0, - [ s(ayis

then ¢ satisfies

3C4
1 —¢

< -1,

/ p(x)dx — £(dx)
|z > L

i
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The third condition:

im u(z) = u(z), in Ly

(R,dz) |,

() We put

T

ooy L 2/3
pec(x) = ;\/—x (1 + 4n2/3)1(—4n 3 <2< 0).

We note that pg-(z) / p(x), n — oo and

~n
/ dr psc(x) =mn, and / Psc(u)du = nl/3
R R U

Then

n (u) N —1/3
w@) = [ A Psc() p, M7
R x—u R —u 2

— lim {/Iu pﬁi(u)du—/m @du}zu(az) n — 0O0.

L—o0 <L x —u <L —u
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Remarak. Consider the diffusion process associated with the
Dirichlet space

4(f,9) = | DIf. gldu’y

m
The infinitesimal generator associated with the process is geven by
1 d? n d
Lp = Z 2 + Z dn(wz,{xl,...,$i_1,$i+1,...,$n})—
2 d i=1 dCU,L'

and the process is associated with (Y;(t) — n1/3)j_ . where Y (%) is

another Dyson model, noncolliding Ornstein-Uhlenbeck processes:
dt n—1/3

V() - Yt 2

av;(t) = dBj(t) + Y
k:1<k<n
k3

aYj(t), 1<j <n

We can show that

n .
Y by i-na = €O, n— oo
J:
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