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内容

モデルの定義と基本的性質

ピンニングポテンシャルによる局在化

エントロピー的反発
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Gaussian membrane model (∆ϕ model)

ϕ = {ϕx}x∈Zd ∈ RZd

: d + 1 - dimensional random membrane/interface

x ∈ Zd 7→ ϕx ∈ R : height at the position x
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Gaussian membrane model (∆ϕ model)
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Gaussian membrane model (∆ϕ model)

ϕ = {ϕx}x∈Zd ∈ RZd

: d + 1 - dimensional random membrane/interface

x ∈ Zd 7→ ϕx ∈ R : height at the position x

H(ϕ) :=
1

2

∑
x∈Zd

(∆ϕx)
2 : energy of ϕ

where

∆f(x) =
∑

y∈Zd

∆(x, y)f(y) for f : Zd → R

∆(x, y) =


1
2d

if |x − y| = 1

−1 if x = y

0 otherwise
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Gaussian membrane model (∆ϕ model)

Notation
For Λ ⊂ Zd and k ∈ N,

∂+
k Λ := {x /∈ Λ; ∥y − x∥1 ≤ k for some y ∈ Λ}

∂−
k Λ := {x ∈ Λ; ∥y − x∥1 ≤ k for some y /∈ Λ}

∂+Λ := ∂+
1 Λ, ∂−Λ := ∂−

1 Λ, Λ := Λ ∪ ∂+Λ

For Λ ⋐ Zd, define

PΛ(dϕ) =
1

ZΛ

exp
{
−H∆

Λ (ϕ)
}∏
x∈Λ

dϕx

where

H∆
Λ (ϕ) =

1

2

∑
x∈Zd

(∆ϕx)
2
∣∣∣
ϕ≡0 on Λc

=
1

2

∑
x∈Λ

(∆ϕx)
2
∣∣∣
ϕ≡0 on ∂

+
2 Λ

ZΛ =

∫
RΛ

exp
{
−H∆

Λ (ϕ)
}∏
x∈Λ

dϕx
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Gaussian membrane model (∆ϕ model)

Remark 1

Model for semi-flexible membrane :

H(ϕ) =
∑
x∈Zd

(
κ1(∇ϕx)

2 + κ2(∆ϕx)
2
)

where κ1 : lateral tension κ2 : bending rigidity

PΛ ↔ (static) model of tensionless membrane

κ1 > 0, κ2 = 0 ↔ ∇ϕ interface model
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Gaussian membrane model (∆ϕ model)

H∇(ϕ1) = H∇(ϕ2) H∆(ϕ1) ≫ H∆(ϕ2)
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Basic properties

First of all, we have

H∆
Λ (ϕ) =

1

2

∑
x∈Λ

(∆ϕx)
2
∣∣∣
ϕ≡0 on ∂

+
2 Λ

=
1

2

∑
x∈Λ

(∑
y∈Λ

∆(x, y)ϕy

)(∑
z∈Λ

∆(x, z)ϕz

)
=

1

2

∑
y∈Λ

∑
z∈Λ

∆2(y, z)ϕyϕz

=
1

2
⟨ϕ, ∆2

Λϕ⟩Λ

where

∆2
Λ(x, y) =

{
∆2(x, y) if x, y ∈ Λ

0 otherwise
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Basic properties

PΛ(dϕ)=
1

ZΛ

exp
{
−

1

2
⟨ϕ,∆2

Λϕ⟩Λ
}∏
x∈Λ

dϕx

⇒ PΛ ∼ N (0, (∆2
Λ)

−1) : Gaussian membrane model (GMM)

Remark 2 (∇ϕ model)

H∇
Λ (ϕ) =

1

8d

∑
{x,y}∩Λ̸=ϕ
|x−y|=1

(ϕx − ϕy)
2
∣∣∣
ϕ≡0 on ∂+Λ

P∇
Λ (dϕ) =

1

Z∇
Λ

exp
{
−H∇

Λ (ϕ)
}∏
x∈Λ

dϕx

=
1

Z∇
Λ

exp
{
−

1

2
⟨ϕ, (−∆Λ)ϕ⟩Λ

}∏
x∈Λ

dϕx

⇒ P∇
Λ ∼ N (0, (−∆Λ)

−1) : DGFF on Λ
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Basic properties

Remark 3

∆2
Λ ̸= (∆Λ)

2 ((∆Λ)
2)−1 = ((−∆Λ)

−1)2

Remark 4

∆2(x, y) =



1 + 1
2d

if x = y

−1
d

if |x − y| = 1
1

4d2 if |x − y| = 2
1

2d2 if |x − y| =
√
2

0 otherwise
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Basic properties

GMM has 2-step Markov property, i.e.

A,B ⊂ Λ,dist(A,B) > 2

⇒ {ϕx}x∈A , {ϕx}x∈B are independent

under PΛ( · |σ({ϕx;x /∈ A ∪ B}))

GMM is not a ferromagnetic spin system

⇒ × Random walk representation of the covariance

× Correlation inequalities (e.g. FKG), monotonicity

GMM is much less tractable compared to DGFF from the mathematical

point of view !
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Basic properties

Random walk representation for Gaussian fields

Consider a Gaussian field on Λ(⋐ Zd)

PΛ(dϕ) =
1

ZΛ

exp
{
−

1

2

⟨
ϕ, JΛϕ

⟩
Λ

} ∏
x∈Λ

dϕx

For J : Zd × Zd → R, assume the following :

J(x, y) = J(0, y − x) for every x, y ∈ Zd

J(x, y) ≤ 0 for every x ̸= y

J(0, 0) ≥ −
∑
y ̸=0

J(0, y) =: γ (∈ (0,∞))

Set

Q(x, y) :=

{
0 if x = y

− 1
γ
J(x, y) if x ̸= y
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Basic properties

Then, we have

⟨
ϕ, JΛϕ

⟩
Λ
=

∑
x,y∈Λ

J(x, y)ϕxϕy

=
∑

x,y∈Λ

(
J(0, 0)δ(x, y) − γQ(x, y)

)
ϕxϕy

= J(0, 0)
⟨
ϕ,

(
IΛ −

γ

J(0, 0)
QΛ

)
ϕ
⟩
Λ

(
IΛ −

γ

J(0, 0)
QΛ

)−1
=

∑
n≥0

( γ

J(0, 0)

)n
Qn

Λ

↔ Green function of RW on Zd with transition matrix Q,

killing rate 1 − γ
J(0,0)

, Dirichlet boundary condition outside Λ

14 / 66



Basic properties

Example 1 (DGFF)

J = −∆ ⇒ J(0, 0) = γ := −
∑
y ̸=0

J(0, y)

DGFF has a random walk representation of the covariance :

CovP∇
Λ

(
ϕx , ϕy

)
= (−∆Λ)

−1(x, y)

= Ex

[ ∞∑
n=0

I(Sn = y, n < τΛ)
]

where {Sn}n≥0 : simple random walk on Zd

τΛ = inf{n ≥ 0;Sn /∈ Λ}, Λ ⊂ Zd

Example 2 (massive GFF)

J = m2I − ∆
(
HΛ(ϕ) = 1

2

⟨
ϕ, (−∆Λ)ϕ

⟩
Λ
+ 1

2
m2

⟨
ϕ, ϕ

⟩
Λ

)
⇒ SRW on Zd with killing rate

m2

m2 + 1
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Basic properties

FKG inequality for random fields

Consider a probability measure on RΛ (Λ ⋐ Zd)

µΛ(dϕ) =
1

ZΛ

exp
{
−HΛ(ϕ)

} ∏
x∈Λ

dϕx

Proposition 1 (FKG inequality, Holley (1974) etc.)

If HΛ(ϕ∨ ϕ̃)+HΛ(ϕ∧ ϕ̃) ≤ HΛ(ϕ)+HΛ(ϕ̃) for every ϕ, ϕ̃ ∈ RΛ

then µΛ satisfies FKG inequality i.e.,∫
RΛ

F (ϕ)G(ϕ)µΛ(dϕ) ≥
∫
RΛ

F (ϕ)µΛ(dϕ)

∫
RΛ

G(ϕ)µΛ(dϕ)

for every non-decreasing functions F,G ∈ L2(RΛ, µΛ)
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Basic properties

Example 1 (∇ϕ model)

For H∇
Λ (ϕ) =

∑
{x,y}∩Λ̸=ϕ
|x−y|=1

V (ϕx − ϕy)
∣∣∣
ϕ≡0 on ∂+Λ

V (a − d) + V (b − c) ≤ V (a − c) + V (b − d)

for every a < b, c > d i.e., V : convex

⇒ the condition of Proposition 1 holds

Example 2 (∆ϕ model)

For H∆
Λ (ϕ) =

∑
x∈Λ

V (∆ϕx)
∣∣∣
ϕ≡0 on ∂

+
2 Λ

⇒ the condition of Proposition 1 does not hold for arbitrary V
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Basic properties

Remark 5 (FKG inequality for P∆
Λ )

By Pitt (1982),

FKG inequality holds for a Gaussian measure N (m,Σ).

⇔ All elements of Σ are non-negative

Inverse positivity of ∆2
Λ is non-trivial and it depends on the

underlying set Λ

By RW representation, All elements of

((∆Λ)
2)−1 = (−∆Λ)

−1(−∆Λ)
−1 are non-negative

⇒ FKG inequality holds for N (0, (∆Λ)
−2)

18 / 66



Basic properties

Variance of GMM

In the case of Λ = ΛN := [−N,N ]d ∩ Zd,

we denote ∆ΛN
, PΛN

as ∆N , PN etc..

(−∆N)−1(0, x) = E0

[ ∞∑
n=0

I(Sn = x, n < τΛ)
]

=


N + 1 − |x| if d = 1

C2(logN − log(|x| + 1)) + O(|x|−1) if d = 2

Cd(|x|2−d − N2−d) + O(|x|1−d) if d ≥ 3

When d ≥ 3,

(−∆N)−2(0, 0) =
∑

x∈ΛN

((−∆N)−1(0, x))2

≍ C
N∑

r=1

rd−1
( 1

rd−2

)2
= C

N∑
r=1

r−d+3
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Basic properties

Lemma 1 (Random walk representation for (−∆N)−2)

(−∆N)−2(x, y) =
∞∑

n=0

(n + 1)Px

(
Sn = y, n < τΛN

)
Proof.

(−∆N)−2(x, y)

=
∑

z∈ΛN

{ ∞∑
n=0

Px

(
Sn = z, n < τΛ

)}{ ∞∑
k=0

Pz

(
Sk = y, k < τΛ

)}
=

∞∑
n=0

∞∑
k=0

Px

(
Sn+k = y, n + k < τΛ

)
=

∞∑
n=0

(n + 1)Px

(
Sn = y, n < τΛ

)
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Basic properties

Proposition 2 (Comparsion between (−∆N)−2 and (∆2
N)−1 )

Let 0 < δ < 1. There exists a constant C = C(δ) > 0 such that

max
y∈ΛδN

∣∣(−∆N)−2(x, y) − (∆2
N)−1(x, y)

∣∣ ≤ CN4−d

for every x ∈ ΛδN

By comparing (∆2
N)−1with (−∆N)

−2, the following holds.

Proposition 3 (Variance of GMM)

There exist constants γd > 0 such that

VarP∆
N
(ϕ0) = (∆2

N)−1(0, 0)

=

{
γd + O(N4−d) if d ≥ 5

γd logN + O(1) if d = 4
1

γd

N4−d ≤ VarP∆
N
(ϕ0) ≤ γdN

4−d if d ≤ 3
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Basic properties

Remark 6 (Variance of DGFF)

There exist constants γ′
d > 0 such that

VarP∇
N
(ϕ0) = (−∆N)−1(0, 0)

=


γ′
d + O(N2−d) if d ≥ 3

γ′
d logN + O(1) if d = 2

γ′
dN(1 + o(1)) if d = 1

When d ≥ 3, asymptotics of the variance of GMM corresponds to those

of DGFF in dimension d − 2
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Basic properties

Under PN , the field is

{
delocalized if d ≤ 4

localized if d ≥ 5

d ≥ 5 ⇒ ∃P∞ : infinite-volume Gibbs measure∼ N (0, (−∆)−2)

CovP∞(ϕx, ϕy) = (−∆)−2(x, y)

∼
C

|x − y|d−4
as |x − y| → ∞

Q. Behavior of the field (under external potentials) ?
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The One-dimensional case

Let d = 1.

Set ηx := ∇ϕx = ϕx − ϕx−1

ζx := ∆ϕx = ϕx+1 − 2ϕx + ϕx−1 = ∇ηx+1

Formally speaking,

under PN

(
=

1

ZN

∏
x∈Z

e−V (∆ϕx)
∏

x∈ΛN

dϕx

∏
x/∈ΛN

δ0(dϕx)
)

{ζx} : i. i .d.

ηy =
y−1∑

z=−N

ζz, ϕx =
x∑

y=−N

ηy =
x∑

y=−N

( y−1∑
z=−N

ζz
)

⇒ PN ↔ the law of a (pinned) integrated RW
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The One-dimensional case

Precise formulation is as follows :

{Xn}n≥1 : i.i.d. R-valued random variables

P (X1 ∈ dx) =
1

Z
e−V (x)dx

Zn :=
n∑

i=1

( i∑
j=1

Xj

)
=

n∑
i=1

(n − i + 1)Xi ∼ µ

Then,

P∆
{1,··· ,N−1}( · ) d

= the law of (Z1, Z2, · · · , ZN−1)

under µ( · |ZN = 0, ZN+1 = 0)
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Localization by weak pinning potentials

Q. Behavior of the field (under external potentials) ?

For a self-potential U : R → R, the corresponding model is generally

defined as follows :

PU
Λ (dϕ) =

1

ZU
Λ

exp
{
−H∆

Λ (ϕ) −
∑
x∈Λ

U(ϕx)
}∏
x∈Λ

dϕx

where

ZU
Λ =

∫
RΛ

exp
{
−H∆

Λ (ϕ) −
∑
x∈Λ

U(ϕx)
} ∏

x∈Λ

dϕx
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Localization by weak pinning potentials

Square-well pinning

Add weak self-potentials which attract the field to the height level 0

Consider a self-potential : U1(r) = −bI(|r| ≤ a), a ≥ 0, b ≥ 0

We denote P a,b
Λ := PU1

Λ , Za,b
Λ := ZU1

Λ

We also define the model with δ-pinning by the following :

P̃ ε
Λ(dϕ) =

1

Z̃ε
Λ

exp
{
−H∆

Λ (ϕ)
}∏
x∈Λ

(εδ0(dϕx) + dϕx)

where

Z̃ε
Λ =

∫
RΛ

exp
{
−H∆

Λ (ϕ)
} ∏

x∈Λ

(εδ0(dϕx) + dϕx)

δ0 : Dirac mass at 0, ε > 0 : strength of the pinning

Remark 7

P a,b
Λ ⇒ P̃ ε

Λ as a → 0 and b → ∞ while keeping 2a(eb − 1) = ε
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Localization by weak pinning potentials

Theorem 3 (Caravenna-Deuschel (2008), S. (2018))

For every a ≥ 0, b ≥ 0 and ε ≥ 0 the free energies

F (a, b) := lim
N→∞

1

|ΛN |
log

Za,b
N

ZN

, F̃ (ε) := lim
N→∞

1

|ΛN |
log

Z̃ε
N

ZN

exist and the following hold.

When d = 1,
∀a > 0 ∃bc = bc(a) > 0 s.t. F (a, b) > 0, ∀b > bc and

F (a, b) = 0, 0 ≤ ∀b ≤ bc

∃εc > 0 s.t. F̃ (ε) > 0, ∀ε > εc and F̃ (ε) = 0, 0 ≤ ∀ε ≤ εc

When d ≥ 2,

a > 0, b > 0 ⇒ F (a, b) > 0, ε > 0 ⇒ F̃ (ε) > 0
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Localization by weak pinning potentials

For GMM with weak pinning potentials,

d = 1 ⇒ ∃ localization/delocalization transition

d ≥ 2 ⇒ Always localized

Remark 8 (DGFF)

lim
N→∞

1

|ΛN |
log

Z∇,a,b
N

Z∇
N

> 0 and lim
N→∞

1

|ΛN |
log

Z̃∇,ε
N

Z∇
N

> 0

for every d ≥ 1, ε > 0, a > 0, b > 0
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Localization by weak pinning potentials

Next, define

ρN(a, b) :=
1

|ΛN |
EPa,b

N

[
|{x ∈ ΛN ; |ϕx| ≤ a}|

]
ρ̃N(ε) :=

1

|ΛN |
EP̃ ε

N
[
|{x ∈ ΛN ;ϕx = 0}|

]
Corollary 1

When d = 1, for every a > 0 there exists bc = bc(a) > 0 s.t.

lim inf
N→∞

ρN(a, b) > 0 for every b > bc

lim
N→∞

ρN(a, b) = 0 for every 0 ≤ b < bc

When d ≥ 2, for every a > 0, b > 0 it holds that

lim inf
N→∞

ρN(a, b) > 0

Similar results hold for ρN(ε).
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Localization by weak pinning potentials

∵
1

|ΛN |
log

Za,b
N

ZN

=
1

|ΛN |

∫ b

0

∂

∂b′
logZa,b′

N db′ =

∫ b

0

ρN(a, b′)db′

+ monotonicity of ρN + Theorem 3
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Localization by weak pinning potentials

Square-well potential + repulsive potential

Consider a self-potential :

U2(r) = −bI(0 ≤ r ≤ a) + lI(r < 0), a ≥ 0, b ≥ 0, l ≥ 0

We denote P a,b,l
Λ := PU2

Λ , Za,b,l
Λ := ZU2

Λ

Theorem 4 (S. (2018))

For every a ≥ 0, b ≥ 0 and l ≥ 0 the free energy

F (a, b, l) := lim
N→∞

1

|ΛN |
log

Za,b,l
N

ZN

exists and when d ≥ 5, if a > 0 and b > 0 then F (a, b, l) > 0

for every l ≥ 0.

d ≥ 5 ⇒ wetting transition does not occur for GMM
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Localization by weak pinning potentials

The case of ∆ + ∇ interactions

Let κ1 > 0 and κ2 > 0 be fixed and consider a Hamiltonian

HΛ(ϕ) = κ1H
∇
Λ (ϕ) + κ2H

∆
Λ (ϕ)

For U : R → R and ε ≥ 0, define

ZU
N =

∫
RΛN

exp
{
−HN(ϕ) −

∑
x∈ΛN

U(ϕx)
} ∏

x∈ΛN

dϕx

Z̃ε
N =

∫
RΛN

exp
{
−HN(ϕ)

} ∏
x∈ΛN

(εδ0(dϕx) + dϕx)

We also define ZN := Z0
N = Z̃0

N
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Localization by weak pinning potentials

U1(r) = −bI(|r| ≤ a), U2(r) = −bI(0 ≤ r ≤ a) + lI(r < 0)

Theorem 5 (Borecki-Caravenna (2010), S. (2018))

The free energies

F(a, b) := lim
N→∞

1

|ΛN |
log

ZU1

N

ZN

, F̃(ε) := lim
N→∞

1

|ΛN |
log

Z̃ε
N

ZN

F(a, b, l) := lim
N→∞

1

|ΛN |
log

ZU2

N

ZN

exist and the following hold.

1 When d ≥ 1, F(a, b) > 0 for every a > 0, b > 0 and F̃(ε) > 0
for every ε > 0

2 When d ≥ 3, if a > 0 and b > 0 then F(a, b, l) > 0 for every
l ≥ 0

This behavior is the same as the case of DGFF
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Existence of the free energy

At first, we have the following :

Lemma 6

Assume that the function U : R → R is bounded from above.

Then, ∃C0 = C0(d) > 0 s.t. ∀x0 ∈ Λ ⋐ Zd, we have∫
R
e
−H∆

Λ (ϕ)−
∑

x∈Λ

U(ϕx)

dϕx0 ≥ C0e
−H∆

Λ\{x0}(ϕ)−
∑

x∈Λ\{x0}
U(ϕx)
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Existence of the free energy

Divide ΛN into K :=
[
2N+1
2n+3

]d
disjoint small boxes with side-length

2n + 1 by imposing 0-boundary conditions with width 2.

Then, by Lemma 6 and the Markov property of the field, we have

ZU
N ≥ C

(CKnd−1+C′nNd−1)
0 (ZU

n )K

By taking lim inf
N→∞

1
|ΛN | log · ,

lim inf
N→∞

1

|ΛN |
logZU

N ≥
C

n
+

(2n + 1

2n + 3

)d 1

|Λn|
logZU

n

Finally, by taking lim sup
n→∞

we obtain that

lim inf
N→∞

1

|ΛN |
logZU

N ≥ lim sup
n→∞

1

|Λn|
logZU

n
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Positivity of F (a, b)

Key idea

Add appropriate mass terms

Comparison between (∆2
N)−1 and (−∆N)−2

For m ≥ 0, consider a Hamiltonian

HN,m(ϕ) = H∆
N (ϕ) + 2m2H∇

N (ϕ) +
1

2
m4

∑
x∈ΛN

(ϕx)
2

For a self-potential U : R → R, define

PU
N,m(dϕ) =

1

ZU
N,m

exp
{
−HN,m(ϕ) −

∑
x∈ΛN

U(ϕx)
} ∏

x∈ΛN

dϕx

ZU
N,m =

∫
RΛN

exp
{
−HN,m(ϕ) −

∑
x∈ΛN

U(ϕx)
} ∏

x∈ΛN

dϕx
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Positivity of F (a, b)

By the definition, ZU
N,m ≤ ZU

N and this yields that

F (a, b) := lim
N→∞

1

|ΛN |
log

ZU1

N

ZN

≥ lim inf
N→∞

1

|ΛN |
log

ZU1

N,m

ZN

≥ lim inf
N→∞

1

|ΛN |
log

ZU1

N,m

ZN,m

+ lim inf
N→∞

1

|ΛN |
log

ZN,m

ZN

=: I1 + I2

I1 ↔ free energy of the massive model with pinning

I2 ↔ cost of adding mass terms
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Positivity of F (a, b)

Estimate on I1 :

First of all, by Jensen’s inequality

log
ZU1

N,m

ZN,m

= logEPN,m

[
exp

{
−

∑
x∈ΛN

U1(ϕx)
}]

≥ b
∑

x∈ΛN

PN,m(|ϕx| ≤ a)

(1)
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Positivity of F (a, b)

The following deformation of H∆
N (ϕ) is helpful

H∆
N (ϕ) =

1

2

∑
x∈ΛN

(∆ϕx)
2
∣∣∣
ϕ≡0 on ∂

+
2 ΛN

=
1

2

∑
x∈ΛN

( ∑
y∈ΛN

∆(x, y)ϕy

)( ∑
z∈ΛN

∆(x, z)ϕz

)
+

1

2

∑
x∈∂+ΛN

( ∑
y∈ΛN

∆(x, y)ϕy

)( ∑
z∈ΛN

∆(x, z)ϕz

)
=

1

2
⟨ϕ, (−∆N)2ϕ⟩N + BN(ϕ)

where

BN(ϕ) =
∑

x∈∂−ΛN

rN(x)

8d2
(ϕx)

2, rN(x) = |{y ∈ ∂+ΛN ; |y−x| = 1}|

40 / 66



Positivity of F (a, b)

Therefore,

HN,m(ϕ) =
1

2
⟨ϕ, (−∆N)2ϕ⟩N + BN(ϕ)

+ m2⟨ϕ, (−∆N)ϕ⟩N +
1

2
m4⟨ϕ, ϕ⟩N

=
1

2
⟨ϕ, (m2IN − ∆N)2ϕ⟩N + BN(ϕ)

⇒ PN,m = N (0, (m2IN − ∆N)−2)

+ convex self-potentials on ∂−ΛN
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Positivity of F (a, b)

Let

QN,m ∼ N (0, (m2IN − ∆N)−2)

Q∞,m ∼ N (0, (m2I − ∆)−2)

and define

ΞN,m =

∫
RΛN

exp
{
−

1

2
⟨ϕ, (m2IN − ∆N)2ϕ⟩N

} ∏
x∈ΛN

dϕx

Remark 9

m > 0 ⇒ Q∞,m exists for every d ≥ 1. Q∞,0 exists for d ≥ 5
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Positivity of F (a, b)

Then, we have

VarPN,m(ϕx) ≤ VarQN,m(ϕx) ≤ VarQ∞,m(ϕ0)

for every x ∈ ΛN

∵ Brascamp-Lieb inequality

µ(dϕ) =
1

Z
exp

{
−

1

2

⟨
ϕ,Aϕ

⟩
Γ

} ∏
x∈Γ

dϕx

: Gaussian measure on RΓ (|Γ| < ∞)

µU(dϕ) ∝ exp
{
−

∑
x∈Γ

Ux(ϕx)
}
µ(dϕ)

Ux : R → R : convex

⇒ VarµU

(⟨
ν, ϕ

⟩
Γ

)
≤ Varµ

(⟨
ν, ϕ

⟩
Γ

)
for every ν ∈ RΓ
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Positivity of F (a, b)

P (|X| ≤ a) ↓ as σ2 ↑ for a Gaussian r.v. X ∼ N (0, σ2) and a > 0

By (1) and these estimates, we obtain the following :

I1 := lim inf
N→∞

1

|ΛN |
log

ZU1

N,m

ZN,m

≥ bQ∞,m(|ϕ0| ≤ a)

Estimate on I2 :

By the previous observation we can show the following :

lim inf
N→∞

1

|ΛN |
log

ZN,m

ZN

≥ lim inf
N→∞

1

|ΛN |
log

ΞN,m

ΞN,0

(2)
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Positivity of F (a, b)

By the definition,

ΞN,m = (2π)
|ΛN |

2

√
det((m2IN − ∆N)−2)

= (2π)
|ΛN |

2 det
(
(m2IN − ∆N)−1

)
RW representation for (m2IN − ∆N)−1 yields that

log ΞN,m =
1

2
|ΛN | log(2π) − |ΛN | log(m2 + 1)

+
∑

x∈ΛN

∞∑
n=1

1

n

( 1

m2 + 1

)nPx(Sn = x, n < τΛN )
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Positivity of F (a, b)

By this representation we can show the following asymptotics.

Lemma 2

The following hold as m ↓ 0.

(a) lim sup
N→∞

{
−

1

|ΛN |
log

ΞN,m

ΞN,0

}

≤ Jd(m) :=


Cdm(1 + o(1)) if d = 1

Cdm
2| logm|(1 + o(1)) if d = 2

Cdm
2(1 + o(1)) if d ≥ 3

(b) max
x∈ΛN

VarQN,m(ϕx) ≤ VarQ∞,m(ϕ0)

= σ2
d(m) :=


C̃dm

−4+d(1 + o(1)) if d = 1, 2, 3

C̃d| logm|(1 + o(1)) if d = 4

C̃d(1 + o(1)) if d ≥ 5
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Positivity of F (a, b)

(2) and Lemma 2 yield that

I2 := lim inf
N→∞

1

|ΛN |
log

ZN,m

ZN

≥ −Jd(m)

Collecting all the estimates, for every m > 0 we have

F (a, b) := lim
N→∞

1

|ΛN |
log

ZU1

N

ZN

≥ bQ∞,m(|ϕ0| ≤ a) − Jd(m)

≥
2ab√

2πσ2
d(m)

e
− a2

2σ2
d
(m) − Jd(m)

Finally, by Lemma 2 1√
σ2

d(m)
≫ Jd(m) as m ↓ 0 when d ≥ 2.

By taking m > 0 small enough, we obtain F (a, b) > 0 for every

a > 0, b > 0 when d ≥ 2.
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The case of ∆ + ∇ interactions

By simple change of variables we may assume that κ1 = κ > 0, κ2 = 1

HN(ϕ) := κH∇
N (ϕ) + H∆

N (ϕ)

=
1

2
κ⟨ϕ, (−∆N)ϕ⟩N +

1

2
⟨ϕ, (−∆N)2ϕ⟩N + BN(ϕ)

=
1

2
⟨ϕ, (−∆N)(κIN − ∆N)ϕ⟩N + BN(ϕ)

Behavior of (−∆N)−1(κI − ∆N)−1 is similar to that of (−∆N)−1
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Exponential decay of correlations by pinning effects

Q. Pathwise description of the localization by pinning effects ?

Theorem 7 (Bolthausen-Cipriani-Kurt (2017))

Let d ≥ 5 and ε > 0.

There exist C1 = C1(d, ε) > 0, C2 = C2(d, ε) > 0 s.t.∣∣EP̃ ε
N [ϕxϕy]

∣∣ ≤ C1e
−C2|x−y|

for every x, y ∈ Zd.
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Exponential decay of correlations by pinning effects

Idea for the proof of Theorem 7

For f : RZd → R, we have

EP̃ ε
N
[
f
]
=

1

Z̃ε
N

∫
f(ϕ) exp

{
−HN(ϕ)

}
×

∏
x∈ΛN

(εδ0(dϕx) + dϕx)
∏

x/∈ΛN

δ0(dϕx)

=
∑

A⊂ΛN

ε|A| 1

Z̃ε
N

∫
f(ϕ) exp

{
−HN(ϕ)

}
×

∏
x∈ΛN\A

dϕx

∏
x/∈A

δ0(dϕx)

=
∑

A⊂ΛN

ε|A|ZΛN\A

Z̃ε
N

EPΛN\A
[
f
]
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Exponential decay of correlations by pinning effects

Define A = AN(ϕ) := {x ∈ ΛN ;ϕx = 0} (random pinned region)

Then, we have

P̃ ε
N

(
A = A

)
= ε|A|ZΛN\A

Z̃ε
N

=: ζε
N(A)

Therefore,

EP̃ ε
N
[
ϕxϕy] =

∑
A⊂ΛN

ζε
N(A)EPΛN\A

[
ϕxϕy

]
(3)

Remark 10

This expansion holds for both of DGFF and GMM
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Exponential decay of correlations by pinning effects

The case of DGFF (Bolthausen-Velenik (2001))

By random walk representation of the covariance

EP∇
ΛN\A

[
ϕxϕy] = (−∆ΛN\A)−1(x, y)

= Ex

[∑
n≥0

I(Sn = y, n < τΛN\A)
]

Substitute this for (3),

EP̃ ε,∇
N

[
ϕxϕy] =

∑
n≥0

Ex

[
I(Sn = y, n < τΛN )ζε

N(A ∩ S[0,n] = ϕ)
]

where S[0,n] := {Sk; 0 ≤ k ≤ n}
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Exponential decay of correlations by pinning effects

Under P̃ ε
N , {ζε

N(A);A ⊂ ΛN} can be compared with Bernoulli

measure νρ on {0, 1}Zd

For every ε > 0 there exist ρ± = ρ±(d, ε) ∈ (0, 1) such that

νρ−(A ∩ B = ϕ) ≤ ζε
N(A ∩ B = ϕ) ≤ νρ+

(A ∩ B = ϕ)

for every B ⊂ ΛN

Hence we obtain

EP̃ ε,∇
N

[
ϕxϕy] ≤

∑
n≥0

Ex

[
I(Sn = y)(1 − ρ+)|S[0,n]|

]
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Exponential decay of correlations by pinning effects

The case of GMM (Bolthausen et al. (2017))

RW representation of the covariance :

EP∆
ΛN\A

[
ϕxϕy] = (∆2

ΛN\A)−1(x, y)

does not hold

For x ∈ ΛN , GN
A (x, · ) := (∆2

ΛN\A)−1(x, · ) satisfies the following

Dirichlet problem for bi-Laplacian

{
∆2GN

A (x, y) = δ(x, y) for y ∈ ΛN \ A

GN
A (x, y) = 0 for y ∈ A ∪ Λc

N

(4)
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Exponential decay of correlations by pinning effects

By stochastic domination for ζε
N

+ analytic estimates for the solution of (4) (with random Dirichlet b.c.)

+ percolation argument,

the following holds.

Proposition 4

Let d ≥ 5 and ε > 0.

There exist K = K(d, ε) > 0, δ = δ(d, ε) > 0, C = C(d, ε) > 0

s.t. the following holds for every n ≥ 1

sup
N≥1

ζε
N

(
max

Kn≤|x|≤K(n+1)
|GN

A (0, x)| ≥ e−δn
)
≤ Ce−δn
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Exponential decay of correlations by pinning effects

Then, for x ∈ Zd : Kn ≤ |x| ≤ K(n + 1), we have

sup
N≥1

∣∣EP̃ ε
N
[
ϕ0ϕx

]∣∣ = sup
N≥1

∣∣Eζε
N
[
GN

A (0, x)
]∣∣

≤ sup
N≥1

Eζε
N

[∣∣GN
A (0, x)

∣∣I(0 /∈ A) ;Fn

]
+ sup

N≥1

Eζε
N

[∣∣GN
A (0, x)

∣∣I(0 /∈ A) ;F c
n

]
≤ GCe−δ′|x| + e−δ′|x|

where Fn represents the event in Proposition 4 and G = (−∆)−2(0, 0)
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Entropic repulsion

Q. Behavior of the field interacting with a hard wall ?

Ω+(A) := {ϕ ; ϕx ≥ 0 ∀x ∈ A}, A ⊂ Zd

D ⊂ Λ := [−1, 1]d domain with piecewise smooth boundary

dist(∂D,Λc) ≥ δ > 0

DN := ND ∩ Zd

ΛL(x) := x + ΛL, x ∈ Zd, L ≥ 1
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Entropic repulsion

Theorem 8 (Kurt ’07, ’09, S. ’03, ’16)

When d ≥ 5,

lim
N→∞

1

Nd−4 logN
logP∆

N

(
Ω+(DN)

)
= −4(−∆)−2(0, 0)Cap∆

Λ (D)

When d = 4,

lim
N→∞

1

(logN)2
logP∆

N

(
Ω+(DN)

)
= −

64

π2
Cap∆

Λ (D)

When d = 1, 2, 3,

∀δ ∈ (0, 1), ∃γ > 0 (small) and ∃C > 0

s.t. ∀N ≥ 1, ∀x ∈ ΛδN , it holds that

P∆
N

(
ϕy ≥ 0 for every y ∈ ΛγN(x)

)
≥ C
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Entropic repulsion

Remark 11 (DGFF)

When d ≥ 3,

lim
N→∞

1

Nd−2 logN
logP∇

N

(
Ω+(DN)

)
= −2(−∆)−1(0, 0)Cap∇

Λ (D)

When d = 2,

lim
N→∞

1

(logN)2
logP∇

N

(
Ω+(DN)

)
= −

4

π
Cap∇

Λ (D)

When d = 1,

∀δ ∈ (0, 1), ∃C > 0 s.t. ∀N ≥ 1, it holds that

P∇
N

(
ϕx ≥ 0 for every x ∈ ΛδN

)
≥ C
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Entropic repulsion

Theorem 9 (Kurt ’07, ’09, S. ’03)

Set ϕεN(x) := 1
|ΛεN(x)|

∑
y∈ΛεN (x)

ϕy

For every 0 < ε < 1, δ > 0, the following hold.

When d ≥ 5,

lim
N→∞

min
x:ΛεN (x)⊂DN

PN

(∣∣ϕεN(x)
√
logN

−
√
8G

∣∣ ≤ δ
∣∣ Ω+(DN)

)
= 1

where G = (−∆)−2(0, 0)

When d = 4,

lim
N→∞

min
x:ΛεN(x)⊂DN

PN

(∣∣ϕεN(x)

logN
−

√
8γ

∣∣ ≤ δ
∣∣ Ω+(DN)

)
= 1

where γ = 8
π2
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Entropic repulsion

Remark 12

EPN
[
max
x∈ΛN

ϕx

]
=

{
O(

√
logN) when d ≥ 5

O(logN) when d = 4

VarPN (ϕ0) =

{
O(1) when d ≥ 5

O(logN) when d = 4

When d ≥ 4, the field is pushed up to the same level as EPN
[
max
x∈ΛN

ϕx

]
by the hard wall condition Ω+(ΛN)

↔ Entropic repulsion

Remark 13

When d = 1, 2, 3

EPN
[
max
x∈ΛN

ϕx

]
= O(N2−d

2 ), VarPN (ϕ0) = O(N4−d)

⇒ Entropic repulsion does not occur
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Proof of PN

(
Ω+(DN)

)
upper bound

Idea for the proof of PN

(
Ω+(DN)

)
upper bound (d ≥ 5)

Let PN ∼ N (0, (∆2
N)−1), d ≥ 5

ΛN := [−N,N ]d ∩ Zd, D ⊂ [−1, 1]d, DN := ND ∩ Zd

For L ≥ 1, define

Λ̃N = Λ̃N,L := {x ∈ 4LZd; ∂2
+ΛL(x) ⊂ DN}

ΓN = ΓN,L :=
∪

x∈Λ̃N

∂2
+ΛL(x)

mL
x(ϕ) := EPN

[
ϕx

∣∣FΓN

]
(ϕ)

Then, by the Markov property of the field we have the following :

Under PN

(
· |FΓN

)
(ϕ),

{ϕx;x ∈ Λ̃N} are independent and

ϕx ∼ N
(
mL

x(ϕ), GL

)
where GL = (∆2

L)
−1(0, 0)
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Proof of PN

(
Ω+(DN)

)
upper bound

Now, consider an event : E =
{
|A| ≥ δ|Λ̃N |

}
(ε > 0, δ > 0)

where A = AN(ϕ) :=
{
x ∈ Λ̃N ;mL

x(ϕ) ≤
√
(8G − ε) logN

}
For x ∈ A, if ϕx ≥ 0 then ϕx − mL

x(ϕ) ≥ −
√
(8G − ε) logN

Therefore, by the Markov property of the field

PN

(
Ω+(DN) ∩ E

)
≤ EPN

[ ∏
x∈Λ̃N

PN

(
ϕx ≥ 0

∣∣ FΓN

)
; E

]

≤
(
1 −

C
√
logN

exp
{
−

8G − ε

2GL

logN
})δ|Λ̃N |

Since GL → G as L → ∞, by taking L large enough we have

PN

(
Ω+(DN) ∩ E

)
≤ exp

{
−C′Nd−4G+δ′}

for some δ′ > 0, C′ > 0
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Proof of PN

(
Ω+(DN)

)
upper bound

Next, on Ec

∑
x∈Λ̃N

mL
x(ϕ) ≥

∑
x∈Ac

mL
x(ϕ) +

∑
x∈A

mL
x(ϕ)

≥
√

(8G − ε) logN(1 − δ)|Λ̃N | +
∑
x∈A

mL
x(ϕ)

Now, assume that ∑
x∈A

mL
x(ϕ) ≥ 0 on Ω+(DN) (5)

Then, we have

1

|Λ̃N |

∑
x∈Λ̃N

mL
x(ϕ) ≥ (1 − δ)

√
(8G − ε) logN on Ω+(DN) ∩ Ec

64 / 66



Proof of PN

(
Ω+(DN)

)
upper bound

By Jensen’s inequality,

VarPN

( 1

|Λ̃N |

∑
x∈Λ̃N

mL
x(ϕ)

)
≤ EPN

[( 1

|Λ̃N |

∑
x∈Λ̃N

ϕx

)2]
= O(N−d+4)

Therefore,

PN

(
Ω+(DN) ∩ Ec

)
≤ PN

( 1

|Λ̃N |

∑
x∈Λ̃N

mL
x(ϕ) ≥ (1 − δ)

√
(8G − ε) logN

)
≤ exp

{
−

1

2VarPN

(
1

|Λ̃N |

∑
x∈Λ̃N

mL
x(ϕ)

)(1 − δ)2(8G − ε) logN
}

≤ e−CNd−4 logN
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Proof of PN

(
Ω+(DN)

)
upper bound

Hence, we obtain

lim sup
N→∞

1

Nd−4 logN
logPN

(
Ω+(DN)

)
≤ −C

for some C > 0

On the assumption (5)

The case of DGFF

mL
x(ϕ) := EP∇

N
[
ϕx

∣∣FΓN

]
(ϕ)

=
∑

y∈∂+ΛL(x)

ϕyPx

(
S(τΛL(x)) = y

)
≥ 0 for every x ∈ Λ̃N on Ω+(DN)

The case of GMM

Need to show that
∑

x∈A
mL

x(ϕ) is negligible on Ω+(DN) ∩ Ec
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